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| 7 | ■ Abstract 

We consider a regular smooth curve in E n such that its coordinates' compo- 
nents are the fundamental solutions of the differential equation y^ n \x)—y(x) = 0, 
x G K. of order n. We show that the total first curvature of this curve is infinite 
Q ■ for odd n and is finite for even n. 
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1 Introduction 

^ . The study of finiteness of the total curvature of curve has been examined by W. Fenchel, 

I. Fary, J. W. Milnor and others. In recent years, the total curvature of curve has been 
discussed in [U El [TJ EJ El [in]. These discussions are based on closed curves, polygonal 
curves, knotted curves, curves with fixed endpoints, curves with finite length or pursuit 
curves. Our discussion is based on non-closed smooth curves with infinite length. 
We study the real fundamental solutions of a differential equation of order n{> 2) : 
y( n \x) — y(x) = 0, x £ IR, are given by 

(i) If n = 2, then e x , e~ x . 

(ii) If n = 2m + 1, then 

e aix cos(/3ix), e aiX sin(/3ix), ••■ , e amX cos(fl m x), e amX sm(f3 m x), e x . 

(in) If n = 2m + 2, then 

e aix cos(/3ix), e aiX sm(f3\x), ■ ■ ■ , e amX cos(/3 m x), e amX sm(/3 m x), e x , e~ x . 

Here, complex numbers = ± j3k\f—l (k = 1, 2, • • • ,m) are solutions (without 1 
and —1) of the characteristic polynomial equation .P(A) = A n — 1 = of the differential 
equation y( n \x) — y(x) = 0,x6l|. Then we define a regular smooth curve C n \t.™ 
in E n such that its coordinates' components are the above fundamental solutions. Here 
the parameter t of the curve C n is not an arc-length parameter in general and 
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denotes the range (—00, +00) of parameter t. We take "smooth" to mean "of class 
C°°". We consider curves C n 1°^ and C n |q°° that are sub-arcs of C n These 
curves C n |° ^ C n |g 00 and C n in E n are of non-closed. 

In the present paper, we calculate the total first curvature [2] of the curve C n 
in E™. Our result is the following: 

Main Theorem (1) The curves C n fL^, C n and C n are of infinite length. 

(2) For an odd number n, the curve C n 1°^ of infinite total first curvature, and 
C n |o"°° of finite total first curvature, that is, the curve C n of infinite total 
first curvature. 

(3) For an even number n, the curve C n is of finite total first curvature. 



2 Definition of a. curve C n in 
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We denote E n the Euclidean n-space. Let C n be a regular smooth curve in W' 
given by a mapping 

x : (-00, +00) 3 t 1 — ► x(t) G E™, 

where x(i) is defined by 



(«) In the case of n — 2, 



x(f) 



£ G (—00, +00) 



(m) In the case of n = 2m + 1, 



x(f) 



e ai *cos(/3 1 t) 
e ai * sin(/3it) 



cos(/3 m t) 



e amt sm(/3 m t) 



, t G ( — 00, +00) 



2 



(Hi) In the case of n — 2m + 2, 



x(f) 



; ai *cos(/3it) 



e Ql * sin(ftt) 



cos(/3 m £) 



e Q -*sin(/5 m t) 
j 



t G ( — 00, +00) 



Here, complex numbers X k = a k ± ^\f—\ (k — 1, 2, ■ • • , m) are solutions (without 1 
and —1) of the polynomial equation P(A) = A n — 1 = 0. In this paper, we assume that 

— 1 < a m < a m -i < • ■ • < 0L2 < oci < 1. 

Then we have easily the following: 



Proposition 1 The curve C n in E n non-closed and satisfies differential equa- 
tions i6 n \t) = x(t) and x^(t) 7^ x(t), /or any t E M and 9 = 1,2, • • • , n — 1. 

Proof. For an integer p, we define constants A p and £? p by 
d p e « fc t cos ( / 3 fc t) 



dtP 



A p e afet cos(^t) + B p e akt sm{p k t). 



Then we have 



Ai = a k , Bi 



A 



p+i 



ctkAp + PkBp, B p+ i = —fi k A p + a k B p . 



On the other hand, we define real constants a p and b p by 



Then we have 



(a k - fi k \f-i) p = a p + Gpv 7 ^- 

ai = a*., 61 = -/3 k , 
a p+1 = aA,.a p + f3 k b p , b p+ i = -j3 k a p + a k b p . 

Thus we have A p = a p and S p = b p for each p. Since it holds that (a k — (3 k \/—l) n = 1, 
we have a„ = 1 and b„ = so that A, = 1 and £?„ = 0. Therefore, we have 



d n e akt cos((3 k t) 
dt n 



a k t 



cos(/3 k t) 



and 

d q e a ^ cos(f3 k t) t 

—± L e akt cos(/3 fc t) 

for q = 1,2, ■ ■ ■ ,n — 1. Next, for an integer p, we define constants C p and D p by 

d p e^sin((3 k t) = c ^ akt gin( ^ t) + D ^ akt cog( ^ t) _ 

Then we have 

Ci = a k , Dx = f3 k , 
Cp+i = o k C p — f3 k D p , D p+ i = ft k C p + a k D p . 
On the other hand, we define real constants c p and d p by 

(a k + /3 fcV /Z T) p = c p + dpV^l- 

Then we have 

ci = a k , d\ = (3 k , 
Cp+i — Oi k c p — /3 k d p , d p+ i = f3 k c p + a k d p . 

Thus we have C p = c p and D p = d p for each p. Since it holds that (a k + /3 k \/—l) n = 1, 
we have c n = 1 and d n = so that C n = 1 and D n = 0. Thus we have 

d"e^sin(/3 fc t) akt . 
— = e sm((3 k t) 

for q = 1, 2, ■ ■ • ,n — 
teRandg = l,2,--- 



— ^e^sin(^) 

— 1. Therefore, we have x^ n ^(t) = x(£) and x^(i) 7^ x(t), for any 
• • • , n — 1. This complete the proof. 



Proposition 2 (%) (a k ) 2 + (/3 fc ) 2 = 1 for k = 1,2, 



m. 



(2) In the case of n = 2m + 1: —1 < a m < — — and \ a m \— maxk=i,... , m {\ «fc |}- 

(3) In the case of n = 2m + 2: 

(i) if m = 2p + 1 ( that is, m is an odd number ), then 

&2p+l = —cxi 

Ct2p = —OL2 
Oip+2 = —OL v 

ap+i = 0, 
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(ii) if m = 2p ( that is, m is an even number ), then 



a 2p = —ax 

«2p-l = —OL2 

a p+ i = -a p . 

Let C n 1°^ and C n |q°° be sub- arcs of C n that is, the curves C n 1°^ and C n |q°° 
are given by x : (-00, 0] 3 t 1 — > x(t) G E n and x : [0, +00) 3 t 1 — > x(t) G E n , 
respectively. 



3 First curvature function 



Let < , > and || | be the canonical inner product and the canonical norm in E n , re- 
spectively. If n > 3, then the first curvature function k\ of the curve C n in E n is 
given by 

|x(t)Ax(t) || 



h(t) 



x(t) 



r / \ 1 • / n dx(t) .. d 2 x(£) 

tor any t G (— 00, +00), where x(t) = — - — and x(t) = — — — , and 



dt 



dt 2 



±(t) Ax(i) || 2 = det 



< x(£),x(£) > < x(t),x(t) > 

< x(t),x(t) > < x(t),x(t) > 



for any t G (—00, +00) [3]. If n — 2, then k\ is given by 

_ det[x(t)x(*)] 
kl{t) ~ || i(t) || 3 

for any £ G (—00, +00) [3]. Now, by Proposition 2 (1), we show the concrete forms of 
ki(t) for (i) n = 2, (iz) n = 2m + 1, (m) n = 2m + 2 as follows: 



(i) n = 2: 



||x(t) f= e 2t + e - 2 ', ||x(t) f=e 2t + e- 2t , 
det [x(t),x(t)] = 2. 



Thus we have 



h(t) 



(Ve 2t + e~ 2t y 



for any t G (—00, +00). 
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(ii) n = 2m + 1: 



\\ 2 =[J2 e2akt ) + e ^ ii *(*) n 2 = ( E p2 ' 



,fc=i 



sA'=l 



<x(t),x(t) >= 5> fc e 2Q ^ + e 2 < 



.fe=i 



and 



x(t) A x(i) 



,fc=l 



,fc=l 



2e 24 ($> fc e- 
,fc=i 



for any t G (—00, +00). Thus we have 



h(t) 



E 

.fc=i 



,fe=l 



e "2a k t 

for any t G (—00, +00 
(m) n = 2m + 2: 



2e 2t [Y j e 2akt )-2e 2t [Y, 



2a k t 



>fc=i 



1/2 



X 



E 



e 2a fc t , £ 2* 



-3/2 



,2a fc t , Jtt , -2t 



+ e- 24 , ||x(t) || 2 = ^ e 2 ^ +e 2 * + e" 2 ', 



,fc=i 



< x(t), x(t) >= ^ ake2akt )+ e2t - e " 5 



,fc=l 



and 



x(t) A x(t) 



m \ I m 

2a k t \ _ [ V^^, 2a fe* 



E 



2a fc * 



,fc=l / \fc=l 

m 

" 3 2a fc t 



,fc=l 



,fc=l 



2e" 2 ' ^e 2 ^' +2e- 2 ' ^« fc e 2afet +4 



,fc=i 



,fc=i 



for any t G (—00, +00). Thus we have 



h{t) 



2a k t 



2e 



21 



,fc=l 



+ 2e 



-it 



,fc=i 



Y^e 2 ^ 1 \+e 2t + e- 



for any t G (—00, +00) 



-3/2 



,fc=i 



a-=i 



1/2 



By Proposition 2 (3), we have 

Proposition 3 If n is even, then it holds || x(— t) || = || x(t) || and k\(—t) = k\{t) for 
any t G (—00, +00). 

For the length of the curve C n \t.™ , we have 

Proposition 4 The curve C n |^ in E™ is of infinite length. 



Proof. (l)(i) Case of C n and an odd n: 

Since we have || x(t) ||> e Qm * and —1 < a m < — , we have, for a large positive number 



a. 



x(£) || dt = lim 



> lim 

a— 00 



x(t) || dt 



Urn {(a^r^l-e^)} 
lim {-(| am |)-i(l-e-l^ a )} 



a— >— oo 
+ OO. 
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Case of C n 1°^ and an even n: 
Since we have || x(t) ||> e - *, we have, for a large positive number a, 

|| x(t) || dt = lim f / || x(t) || dt 

> lim ( / e~*dt 
= lim {- (1 -e~ a )j 

= +00. 

From above two facts, we see that the improper integral / || x(t) || dt diverges [5]. 

J — oo 

On the case of C n \°_ , we have that the length of the curve C n |° is infinite. 



-oo ' 
I +oo . 

lo • 



(2) Case of C n 
It holds that || ±(t) \\> e*. We have 



r-6 

lim / e* dt = +oo. 

ft^+oo 



/•+oo 

Thus the improper integral / || x(t) || dt diverges [5]. Thus the length of the curve 

Jo 

C n |q°° is infinite. Therefore, the length of the C n |1^ is infinite. This complete the 



proof. 



4 Total first curvature 

We consider the arc-length ip(t) of the curve C n |t^ from the base point x(0) to the 
point x(£). That is, we define 



(p(t) = f || x(t) || dt 
Jo 



for any t G (— oo,+oo). We notice that <p(0) = and - =11 x(t) II for any 

dt 

t G (— oo, +oo). For the curve C {n : (— oo, +oo)}, its arc-length parameter s is given 
by 



<p(t) 



[ II x(t) || dt, 
Jo 



and s is taken with the sign + if t > and with the sign — if t < 0. Since (p(t) —> — oo 
as t — > — oo and y?(t) — )■ +oo as t -> +oo, the range of s is (— oo, +oo). 



S 



Let C be a curve parametrized by arc-length s. Then the total first curvature TC[C] 
of C is defined by 

TC[C] = J ki(s) ds, 

where I denotes the range of arc-length parameter s and K\ is the first curvature 
function of the arc- length parametrized curve C [2] . 

Hereafter, we consider the total first curvature of the curve C n \~^L 00 , that is 



/+oo 
Kl (s)ds. 
-oo 



/+oo 
Ki(s) ds is rewritten as the form with respect to the orig- 
•00 

inal parameter t : 

r+oo 

h(t) || x(£) || dt. (f) 



Let a be a large negative number and b be a large positive number. If both 



lim / kAt) || x(t) || dt 

b— >+oo 







and 



lim / k^t) || ±(t) || dt 



/ + OD 
ki(t) || x(t) || dt converges [5], so 
-oo 

the curve C n \ t.™ is said to be "a curve of finite total first curvature" . 

As we study whether the total first curvature of C n |Z^ is convergent or not, we 
use the form ([[]) and we rewrite the first curvature function ki and || x(t) || as follows: 



(1) In the case: n = 2 

2e 3t 



hit) = 

( V ^T^) 3 



and 



|| x(t) ||= e"Vl + e 4i 

for any t G (— oo, +oo). 
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(2) In the case: n = 2m + 1 



E 

,fc=i 



,2(1+Qfc)* 



2(l+a k )t 



,A; = 1 



+ 2e 4 * ( e2(1+ak)t ~ 2e4t E «fe e2(1+afe)i 
,fc=i / \fc=i 

-3/2 



1/2 



X 



^ e 2( 1+ a fe )t] _ 



and 



for any t £ (— oo, +oo). 



±(t) ||= e 



-/ 



1/2 



(3) In the case: n = 2m + 2 



hit) =e* 



E 

,k=l 



a fc e 



V 



+ 2e 4 M^e 2 ( 1+Qfe M -2e 4 Mj> fc e 



,fc=i 



/ 

m \ 
2(1+0*)* j 

k=l / 



+ 2 E 



,2(l+a fc )t 



X 



,fc=l 
m 



)"(£ 



£V(i+°*)t +e 4 ' + l 



vfc = l 



afce 2(l +Qfc )tj +4e 4t 
-3/2 



1/2 



and 



x(t) ||= e"* 



,fc=i 



•) 



1 1/2 



^ e 2(l +afc) * | +e « 4 



for any t £ (— oo, +oo). Here, we notice that 1 + > for k = 1, 2, • • • , m. 

5 Finiteness of total first curvature 

We study the finiteness of the total first curvature of the curve C n Let a and b be 
large positive numbers. 
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(1) In the case: n = 2 

By Proposition 3, we have 

i P+OO 

ki(t) || x(t) || dt = 2 h(t) || x(t) || dt 

hoc 2e 2t 

* 37 d* 

1 + e 4 * 

6 2e 2i 



= 2 lim / dt 

b^+oo \J Q 1 + e 4 * 

dx 

If we let x = f(t) = e t then — = e 4 , /(0) = 1 and /(&) -»■ +oo (6 -»■ +oo), so the 

dt 

given integral is rewritten as 

lim f / — — - dt ) = lim [ / — — - dx 

6 ^ +00 yj Q 1 + e 4t y /(6)->+oo ^ 1 + X 4 

For any x G [1, +oo), we have 

2 2x 2(1 + x 4 ) - 2x 3 
X 5 ~ 1 + X 4 ~ x 2 (l + x 4 ) 
2 + 2x 3 (x- 1) 
" x 2 (l + X 4 ) 

> 0. 

2x 2 

Thus we have < — for any x G [1, +oo), so it holds 

1 + x 4 x 2 

lim [ / — dx ] < lim ( / — - dx 

/(6)-H-oo \ J 1 1 + X 4 J /(&H+00 X 2 

= lim f + 2 

= 2 < +oo. 

/+oo 
&i(t) || x(t) || dt converges to a constant num- 
■00 

ber, so the total first curvature of Ci is finite. Thus we have the following: 



Proposition 5 JnE 2 , the curve C2 of finite total first curvature. 

Remark We can compute the value of total first curvature of the curve C2 By 
the discussion in Section 3 (z) n = 2, we have 

fci(t) || x(t) || dt =2 lim / -dt 
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dec 

If we let x = f(t) = e 2t then — = 2e 2 ', /(O) = 1 and f(b) ->> +00 (b ->■ +00), so we 

Lit/ 

calculate 



2 lim 

6^+00 1 + e 



2c 



2/ 



3 4i 



dt = 2 lim 



/(&) 



/(&H+00 U 1 + X 2 

2 lim ( [arctanfa;)! 



/(6)-++00 

V2 4 

7T 



/(&) 
1 



Therefore, the total first curvature of C2 |±^ is equal to 



7T 



(2) In the case: n = 2m + 1 

We have 



/+00 r+00 
h(t) || x(t) || dt= / i^i(t) 
-00 «/ —00 



dt 



00 

r+00 

K 1 (t)dt+ / i^i(t) dt 
00 Jo 

\ 
ITi(t) dt + lim 

/ 6— >+oo 



= lim 

a— 00 



where 



K^t) =ki(t) || x(t) 



E 

,/c=i 



,2(l+a fc )t 



E 

,/c=i 



2(l+a fc )t 



#i(t) dt 



+ 2e 4 ' ^e 2 ^)* ) -2e 4 ' ( ^a*^ 1 " 



,fc=i 



K k=l 



1/2 



X 



^ e 2(l+a fei ) j +e 4i 



w fc=l 



First, we consider the improper integral 



r+00 / rb \ 

/ ld(t)dt = lim / ifi(t) dt J . 
Jo b ^ + °° \Jo J 



dx 

If we let x = f(t) = e* then — = e\ f(0) = 1, f{b) -+ +00 (6 — > +00), so the given 
integral is rewritten as 



b— >+oo 



lim / Ki(t)dt 



lim 

/(&H+00 



i^i(x) dx I , 
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where 



KAx) 



E 

^k=l 



a k x 



2(l+a k ) 



+ 2x 4 [J2^ {1+ak) ) -2x 4 [J2 



,fc=i 



(X k X 



2{l+a k ) 



,k=l 



1/2 



X 



) + * 4 



For any x G [1, +oo), we set e = 1 — «i > 0, then we have 2(1 + a±) = 4 — 2e so that 

m m 

= mx 



k=i 



k=i 



where the first equality is satisfied if and only if x = 1. Thus we have, for any 

x e (l, +oo), 

v 

2(1+Qfc) j 



E 

,k=l 



< m 2 x 8 Ae . 



q(x] A 

For any x G [1, +oo), we set 5 = -e and -—r = , — Ki(x), where A = yjm? + 4m 
is a positive constant number. Here 



g(x) =<4' 



E 



2(l+« fe ) 





2 










) + * 4 




( 



y^ x 2(l+g fc ) 



,fc=i 



,fe=i 



+ 2 * 4 E 



.r 



2(l+a fe ) 



2z 4 ^a,x 2 ( 1+ ' 



and 



h(x) =x 



,k=l 



l+<5 



^2 

m 

+**<IE 

,fc=i 



2(l+« fe ) 



.r 



2(1+0*) 



) 



2(l+a fc ) 



^a k x 



2(l+a fc ) 



) 



+ 2- 4 E 



.r 



2(l+a fe ) 



2x 4 ^a fc a; 2 ( 1+ ^) 



,fe=i 



,fe=i 



1/2' 



> 0. 
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We also have that 



-x 



26 



^ x 2(l+a fc ) , 



2 8-4e+2c5 



-m 2 x 8 ~ 3e > -m 2 x s ~ £ , 



and 



-x 



4+2(5 



E 

K k=l 



x 2{l +ak ) \ > _ mx 4-2 £+ 4+25 



-mx 



^2 a k x^ 



E 



x 



2(1+0*) 



k=l k=l 

for any x G (1, +oo). From (15.11) (I5.2p and (15. 3p . we obtain 

y(i+«*A + 2 4 2 f V. 2 (^)) 

,k=l J \k=l 



1A 2 [J2 x2(1+ak) j ^ + A 2 x 8 



>Y 



^ x 2(l+a fe )j ^25 

- 2 ( ^ a^ (1+afc) J x 4+2<5 + 2 [ £V 



,.2(l+a fe ) „25 



,fc=i 



m 



,k=l 

771 



III 



a k x v ' " i 
/ 

m \ / m 



>A 2 ( ^ x 2 ( 1+ ^ ) + 2A 2 ( ^x 2 ( 1+Qfe ) j x 4 + ( ^a fe x 2 ( 1+afe ) 



sA'=l 



,fc=l 



+ A 2 x 8 - ]T x 2 ( 1+a ^ x 25 - 4 ^ x- 



.2(l+a fc ) „4+25 



,fc=l 



>A 2 £V< 1+Q *> 



fe=i / \fc=: 

+ A 2 x 8 - m 2 x 8 ~ £ - 4mx 8_e 

2 



^ +2A 2 - 2(1+Qfe) 1 - 4 -J- ' ^ - 2 ( 1+Qfe ) 



-"ME 



x 



2(l+a fc ) 



2A 2 hTx 2 ( 1+ ^ )x 4 



,fc=l 



') 



+ x 8_e (A 2 x e - m 2 - Am) . 



m 



J> fc x 2 ^ 
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A 

Since A 2 = m 2 + 4m, then we have g(x) > 0, that is, — ttt > -^x(x) for any x G 



1 — c^i 

1. +ooj. Here, 5 = > 0. And then we have 



x 



dx I =V m 2 + 4m lim 



x 



/(b)->+oo V 7j X 



f(b) 



:-\/m 2 + 4m lim 

/(6)-H-oo 



Vm 2 + 4m lim 

/(6H+00V 5(/(f>))' 5 5 



1 1 

tfx" 5 

1 1 



---Vm 2 + 4m < +oo. 
o 



Thus we have 



< lim 

/(6)-H-oo 



f(b) 



Ki(x) dx 1 < lim 



/(6)->+oo \J l X 



f(b) A 



1 



-1+5 



dx I = - V m 2 + Am < +oo. 



Therefore, the improper integral / K\{t)dt = / ki(t) || x(£) || dt converges to 

Jo Jo 



a constant number. 

Next, we consider the improper integral 



/ K^dt = lim ( [ R\{t)dt 

J-oo a ^-°° \Ja 



If we let x = fit) = e* then — = e*, /(0) = 1 , f(a) — > (a — > — oo), so the given 
integral is rewritten as 



lim ( / ifi(£)dt^ = /( li J n o (^J ifi(x)dx). 



_ / i P( X ) ts I \ A. , j / 1 — OL\ . 

For any x G (0, 1 , we set = -K^fx) , where A — \ is a positive constant 

q(x) x V 2 

number. Here 



p(x) 



m \ " / m 

2(l+a fc ) \ _ 



E 

,fc=i 



x 



,fc=i 



+ 2x 4 ]Tx 2 ( 1+ ^ ) - 2x 4 ( ^a k x 2 ^ 



,fc=i 



,fc=i 



A' 



E 

,fc=i 



x 2(l+a fc ) j +x 4 
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and 



q(x) —x 



E 

,fc=i 



2(l+a k ) 



+ x q 



X 



E 



x 



2(l+a k ) 



) 



1/2 



x 



2(l+« fc ) 



4- 2 X > Y, 

\k=l 

+ a\[Y j x 



-2x 4 ^2^- 



a k x 

k=l 

> 0. 



For any x G (0, 1], we have, by the fact: —1 < a m < a m _i < • • • < a 2 < «i < 1, 



p(x) > 



E 

,fc=i 



2(1+Q!fe) 



) 



al 



2(1+Q!fe) 



,fc=l 



.r 



2(1+0* ) 



,fc=i 



,fe=i 

2 



A 2 



E 



2(1+Qfc) 



) 



1 2 



+ x 4 



<i-(«i) 2 -i 2 ) E 



.r 



2(l+a k ) 



+ 2 *" E 



.r 



,fc=i 



2(1+Qfc) 



X 



2(1+Qfe) 



,fc=l 



,fc=l 



,fc=l 



V — 
J 2 



Since < 2(1 + a^) < 4 and x E (0, 1], we have x 4 < x 2 ^ 1+Qffc ) for k — 1, 2, • • ■ , m, so 
that we have 



x 4 < 



^ m 

— 7 



2(l+a fe ) 



7/? 



fe=l 



where the equalities are satisfied if and only if x — 1. Thus we have, for any a: e (0, 1), 



p(x) >(1 - ( ai ) 2 - A 2 ) x 2 ( 1+Qfe ) 



,fc=i 



+ 2 * 4 E 



i2 E 



2(l+a fc )^ 

\ ,42 . m . 

/ 2m ^ 

/ k=l 

V 



+ 2x 4 I 1 - ai 



2(l+a fc ) 

a/ 

fc=i 
2m + 1 



2m 



i2 E 



x 



2{l+a k ) 



k=l 



) 
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Since A 2 = — — — , we have 



1- (a,) 2 -A 2 = l -{l + a 1 -2{a l ) 2 )} 



-{(l-( ai ) 2 ) + «!(!-«!)} >0 



and 



1 — a.\ — 



2m + 1 
2m 



A 2 = 2A 



2m + 1 
2m 



2m- 1 
2m 



A 2 > 0. 



.4 



Then we have p(x) > for any x G (0, 1], that is, we have KAx) > — for x G (0, 1]. 

x 

,o 

Therefore, the improper integral / K\ (t) dt diverges. Thus we have the following: 

J — oo 

Proposition 6 In E 2m+1 , the curve C 2m+ i 1°^ is of infinite total first curvature and 
the curve C<i m +\ lo°° is of finite total first curvature. 



(3) In the case: n = 2m + 2 
We have, by Proposition 3, 

*+oo 



fci(t) || x(t) || dt = 2 I k x {t) || x(t) || dt 



Li(t) dt 
2 lim ( / Li(t)d^ , 

6^+00 \J Q J 



where 



L,(i) 



E 

,fe=i 



,2(1+0*)* 



) 



E 

,fc=l 



a k e 



2(1 + Qfc)t 



+ 2e 4i ]T e 



2(l+a fc )t 



2e« ^ 



2(l+a fc )t 



,fc=l 



K k=l 



+ 2 [J2e 2(1+a ' 



x 



m 

E- 

,/t=i 



2 I^afce 2(1+Qfc)t +4e 4t 



,fc=i 



1/2 



,2(l+a fe )* 



+ e 4t + 1 
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If we let x = f(t) = e* then — = e\ /(O) = 1 and /(£>) -)• +00 (6 -> +00), so the 
given integral is rewritten as 



Li(t)dt= lim / Li(t)dt 



lim 

/(&H+00 \ J! 



/(&) 



Li(x) dx 



where 



LAx) 



E 

,fc=i 



2(1+Qfe) 



E^ 2(1+Qfc) 



,fe=i 



+ 2x 4 ( ^ x 2 ^ 1+a A -2x 4 [J2 n ' - 2{l+ak) 



,fe=i 



.fe=i 



+ 2 ^x 2 ( 1+Qfe ) 



,fc=i 



2 ^a fe x 2 ( 1+Qfe M +4x 4 



1 1/2 



.r 



E 



2(l+a fc ) 



,fc=l 



x 4 + l 



-1 



For any x G [1, +00), we set e = 1 — a± > 0, then we have 2(1 + a{) = 4 — 2e so that 



^y(l+a fc ) < ^3.2(1+0!) = m2 .2(l +ai ) = mx 4-2 £; 
k=l k=l 

where the first equality is satisfied if and only if x = 1. Thus we have, for any 

x e (l, +00), 



y^ x 2(l+q fc ) 



< ra 2 x 8 4e . 



,fc=i 



1 u(x) B 

For any 2 G [1, +00), we set 5 — —e and — — = x — LAx), where B = V8m 2 + 8 

2 t>(x) 

is a positive constant number. Here 



■m 



u(x) =B' 



E 

,fc=i 



x 



2(l+a fe ) 



+ x 4 + l 



— X 



2<> 



E 



2(l+a fc ) 



+ 2- 4 E 



2(l+« fe ) 



2x 4 ^a fc a* 1+ °*> 



,fe=i 



/ m \ / m \ 

2 ^ £ 2 ( 1+a *> +2K] a fc x 2 ( 1+afe ) + 4x 4 



,fc=i 
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and 



v(x) —x 



1+5 



yk=l 



2(1+Qt fc ) 



) 



+ x 4 + l 



X 



m 



K k=l 
2 



| X 

,k=l 
in 



2(l+« fe ) 



,fc=i 



fc=l / 



a k x 



2(1+Qfe) 



1/2' 



2 ^ x 2 ( 1+Qfc) + 2 [J2 a k x 2 ^ 1+a ^ + 4x 4 



,A=1 



,fc=l 



> 0. 



We also have that (15. ip . (15. 2p and 



J2* 2{1+ak) < J>^ 2(1+Qfc) < 5> 2(1+afc) 

k=l k=l k=l 



From dSUP (E2D and (ETip . we obtain 

(m \ 2 

X> 2(1+afc) j +5 2 x 8 + J B 2 

+ 2S 2 (jr x 2 ^ 1+a A x A + 2B 2 [J2 ^ 2(1+ ° fc) ) + 2B 2 x 4 



r 2(l+a k ) \ 25 



,k=l 



,k=l / \k=l 



2(l+«fe) I X 2S 



\fc=l / 
/ m 

; 4 +25 + 2 fy- afcX 2(l +afc ) 
fc=l / \fc=l / 



1 



„2(l+a fe ) 4+25 



2 x x2(1+Qfe) p 25 - 2 E «^ 2(1+Qfc) ^ 25 - 4 ^ 4+25 



,fc=l 



,fc=l 



(5.4) 
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>B 2 (j> 2(1+Qfc) j +B 2 x 8 + B 2 

+ 2B 2 (jr x 2 ^ 1+a A x 4 + 2B 2 ( x2(1+ak) ) + 2SV 



,fc=i / \fc=i 

m \ * /in 



x 2(l+a k ) x 28 



K k=l J \k=l 

4 (jr J x 4+2s x2(1+ak) ^j x2S - ^ 4+2S 



,k=l 
in 



>B 2 (J> 2(1+afe) J +B 2 x s + B 2 

J2 x2{1+ak) J x 4 + 2B 2 1 jy 2{l+ak) \ +2sv 

' m \ 2 

a k x 2(1+ak) I x 25 - m 2 x 8 ~ 3£ - 4mx 8 ~ £ - 4mx 4 " £ - 4x 4+£ 



2 

l ilt \ 

x 4 



>s 2 ( ^ x- 2 ^ + + iB 2 rr 
,/c=i / \fc=i 

m \ / m 



+ 2B 2 ^ x 2 ( 1+Qfc ' J + 2£? 2 * 4 + ^ a k x 2il+a ^j x 25 

(B 2 \ ( B 2 

—x e -m 2 - Am) + x 4 " £ ( -y ^ 4+e - 4m - 4x 2e 

Since B 2 = 8m 2 + 8m, for any x G (1, +oo), we have 

\B 2 

— x £ -m 2 - 4m 1 > 
2 



and 

\B 2 



— x 4+£ - 4m - 4x 2e ) > 



Then we have u{x) > 0, that is, > L\{x) for any x G [1, +oo). Here, 5 = — - — -> 
0. And, similarly in case (2) of Section 5, we have 

/ ff(b) A \ / /■/(&) B \ 1 

< lim / L 1 (x)dx < lim / ——rdx = -V8m 2 + 8m < +oo. 

/(6H+00 Wi j /(6)-H-oo \J 1 X 1+S J 5 



Therefore, the improper integral 2 J Li(t) dt = 2 / fci(t) || x(i) || dt converges 
to a constant number. Thus we have the following: 
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Proposition 7 In E 2m+2 , the curve C 2m +2 is of finite total first curvature. 
Therefore, the Main Theorem is proved by Propositions 4, 5, 6 and 7. 
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